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1. Introduction
Several stronger forms of separability, called M-separability, H-separability, R-separability, and GN-separability, were con-
sidered in [2]. Many results on these properties are parallel. So in [2], we gave complete proofs for some properties, and
omitted proofs (or indicated what modiﬁcations of arguments we thought were necessary) for other properties.
However, in the case of Theorem 50 and Theorem 81, the (two or three lines long) sketches of arguments given in the
paper do not seem suﬃcient. After several readers requested more detailed proofs we realized that we did not see how
to implement the arguments as outlined in the paper (even if it is not clear either that concluding the proofs in the way
suggested in the paper is impossible). Here we present alternative proofs of these two theorems.
We believe that the new constructions not only ﬁll the gaps in the paper but also may be of independent interest.
All terminology can be found in [2].
2. Proof of Theorem 50
Theorem 50. The space 2cov(M) contains a dense countable subspace which is not R-separable.
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there exists a cover of X by sets Xn (n ∈ ω) such that diam(Xn) < εn . The minimum cardinality of a subset of R which
is not of strong measure zero is cov(M). So let X ⊂ R be of cardinality cov(M) and not of strong measure zero which is
witnessed by the sequence of numbers (εn: n ∈ ω). We will consider 2X instead of 2cov(M) . For ε > 0, let Aε = {A ⊂ R:
A is the union of ﬁnitely many intervals with rational endpoints the sum of lengths of which is< ε}, Bε = {A∩ X: A ∈ Aε},
and let Yn ⊂ 2X be the family of the indicator functions of elements of Bεn , that is Yn = { f ∈ 2X : f −1(1) ∈ Bεn }. Put
Y =⋃{Yn: n ∈ ω}. Obviously, each Yn is countable and dense in 2X and thus in Y . However, if one picks yn ∈ Yn for all n,
then {y−1n (1): n ∈ ω} does not cover X , and thus there is α ∈ X such that yn(α) = 0 for all n, so {yn: n ∈ ω} is not dense
in Y . This shows that Y is not R-separable. 
3. Proof of Theorem 81
Here we will use some argument in the spirit of papers by Arhangelskii [1] and Sakai [4].
Lemma 1. Let p ∈ N and let X be a separable metrizable space such that X p is Rothberger. Let U = (Un: n ∈ ω) be a sequence of
partitions of X into clopen sets such that:
(1) For every n, Un+1 reﬁnes Un;
(2) For every x ∈ X, the elements of {U ∈⋃n∈ω Un: U  x} is a base of neighborhoods of x.
Then one can pick for all n ∈ ω, Un ∈ Un and partition the family {Un: n ∈ ω} into p-element subfamilies Ps , s ∈ ω, so that for every
q ∈ ω and for every pairwise distinct points x1, . . . , xp, xp+1, . . . , xp+q, there is s ∈ ω such that x1, . . . , xp ∈⋃Ps / xp+1, . . . , xp+q.
Proof. Re-enumerate U as U = (Ul,m,k: l,m ∈ ω and k ∈ p}. Then for every l,m ∈ ω, the family Cl,m = {V0 × · · · × V p−1:
V0 ∈ Ul,m,0, . . . , V p−1 ∈ Ul,m,p−1} is an open cover of X p . Fix l. Since (Cl,m: m ∈ ω) is a sequence of open covers of the
Rothberger space X p , one can pick an element Wl,m = Ul,m,0 × · · · × Ul,m,p−1 from each Cl,m so that {Wl,m: m ∈ ω} covers
Xp . Put Pl,m = {Ul,m,0, . . . ,Ul,m,p−1}. It follows that every  p-element subset of X is contained in at least one of the sets⋃Pl,m . When l runs from 0 through ω, the sets ⋃Pl,m cover each n-element subset of X inﬁnitely many times. Moreover,
exactly one element of each Ul,m,k was used in the construction.
Now let us return to the original enumeration U= (Un: n ∈ ω). It follows from the previous that we have the elements
Un ∈ Un and the partition {Ps: s ∈ ω} of the family {Un: n ∈ ω} such that every p-element subset of X is contained in
inﬁnitely many sets
⋃Ps . Let q ∈ ω, and let x1, . . . , xp, xp+1, . . . , xp+q be pairwise distinct points of X . It follows from
conditions (1) and (2) that there is n0 ∈ ω such that for every n  n0 an element of the partition Un that contains any of
the points x1, . . . , xp contains none of the points xp+1, . . . , xp+q . Since {x1, . . . , xp} is contained in inﬁnitely many sets ⋃Ps ,
and each Un is used only in one Ps , there is s0 ∈ ω such that ⋃Ps0 ⊃ {x1, . . . , xp} and Ps0 consist only of elements of Ui
with n n0. It follows that x1, . . . , xp ∈⋃Ps0 / xp+1, . . . , xp+q . 
By introducing one more index into the auxiliary enumeration one easily transforms the previous lemma into the fol-
lowing:
Lemma 2. Let X be a separable metrizable space such that X p is Rothberger for every p ∈ N. Let U = (Un: n ∈ ω) be a sequence of
partitions of X into clopen sets such that:
(1) For every n, Un+1 reﬁnes Un;
(2) For every x ∈ X, the elements of {U ∈⋃n∈ω Un: U  x} is a base of neighborhoods of x.
Then one can pick for all n ∈ ω, Un ∈ Un and partition the family {Un: n ∈ ω} into p-element subfamilies Ps , s ∈ ω, so that
for every p,q ∈ ω and for every pairwise distinct points x1, . . . , xp, xp+1, . . . , xp+q, there is s ∈ ω such that x1, . . . , xp ∈⋃Ps /
xp+1, . . . , xp+q.
Theorem 81. The space 2add(M) contains a dense countable subspace which is not GN-separable.
Proof. Similar to Theorem 50, but we use Theorem 9 and the lemmas above instead of the fact about cardinality of strong
measure zero sets. First, note that A(κ) can be stated in the following equivalent form:
A(κ): For every sequence (Un: n ∈ ω) of partitions of a set K of cardinality κ into countably many pieces, one can pick
Un ∈ Un for all n and partition the set {Un: n ∈ ω} into ﬁnite subfamilies Fm (m ∈ ω) so that each x ∈ K is contained
in all but ﬁnitely many sets
⋃Fm .
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Without loss of generality we may assume that Un+1 reﬁnes Un for every n, and that B =⋃{Un: n ∈ ω} separates points
of K , that is, for every distinct x, y ∈ K there is B ∈ B such that x ∈ B / y. Then B generates a second countable Hausdorff
zero dimensional topology T on K in which the elements of B are clopen.
Again without loss of generality we can assume that the space (K ,T ) and all its ﬁnite powers are Rothberger. Indeed,
the minimum cardinality of a second countable, non-Rothberger space is cov(M) [3] and if cov(M) = add(M) = κ , then by
Theorem 50 2κ contains a dense countable subspace which is not R-separable and thus by Proposition 72 not GN-separable.
So henceforward we assume that cov(M) > add(M) and thus (K ,T ) and all its ﬁnite powers are Rothberger.
By Lemma 2 one can pick for all n ∈ ω, Un ∈ Un and partition the family {Un: n ∈ ω} into p-element subfamilies Ps ,
s ∈ ω, so that for every p,q ∈ ω and for every pairwise distinct points x1, . . . , xp, xp+1, . . . , xp+q , there is s ∈ ω such that
x1, . . . , xp ∈⋃Ps / xp+1, . . . , xp+q . Denote by Y the family of indicator functions is of the sets ⋃Ps for all s ∈ S . Obviously
Y is countable and dense in 2K . By Proposition 74, to show that Y is not GN-separable it suﬃces to check that Y is not
groupable (indeed, a dense countable set that contains a groupable subset is groupable itself). Suppose {Am: m ∈ ω} is a
partition of Y into ﬁnite subsets. For m ∈ ω, put Fm =⋃{Ps: is ∈ Am}. Then {Fm: m ∈ ω} is a partition of {Un: n ∈ ω} into
ﬁnite subfamilies. Since we assumed that U violates A(κ) there is x ∈ K which misses inﬁnitely many of the sets ⋃Fm . Put
O = { f ∈ 2K : f (x) = 1}. Then O ∩ Y is a basic open set in Y that misses inﬁnitely many of the sets Am . 
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